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Abstract 

We study the volume growth of hyperkahler manifolds of type constructed 
by Anderson-Kronheimer-LeBrun [T] and Goto [TU]. These are noncompact com- 
plete 4-dimensional hyperkahler manifolds of infinite topological type. These man- 
ifolds have the same topology but the hyperkahler metrics are depends on the 
choice of parameters. By taking a certain parameter, we show that there exists a 
hyperkahler manifold of type A^o whose volume growth is r" for each 3 < a < 4. 



1 Introduction 

A hyperkahler manifold is, by definition, a Riemannian manifold {X, g) of 
real dimension 4n equipped with three complex structures /i, /2, 13 satisfying 
the quaternionic relations If = J| = /| = /1/2/3 = —id with respect to all of 
which the metric g is Kahlerian. Then the holonomy group of (7 is a subgroup 
of Spin) and g is Ricci-flat. 

In this paper we focus on the volume growth of hyperkahler metrics. The 
notion of the volume growth are considered for a Riemannian manifold (X, g). 
We denote by Vg{po^r) the volume of the ball Bg{po,r) C X of radius r 
centered at po G X. Then we say that the volume growth of g is /(r) if the 
condition 

< hmmf ^ — < limsup „, , — < +00. 

f[r) f[r) 

holds for some Pq & X. From Bishop- Gromov comparison theorem [5] [12]. 
the above condition is independent of po ^ if 5' has the nonnegative Ricci 
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curvature. 

For instance, the volume growth of Euchdean space is and the volume 
growth of X S'^ with the flat metric is r^. These are trivial examples 
and there are also nontrivial examples such as ALE hyperkahler metrics 
constructed in [8] [9] [15] whose volume growth is r^, and multi-Taub-NUT 
metrics [13] [IS] [IB] whose volume growth is r^. 

Thus there are several examples of complete hyperkahler manifolds whose 
volume growth is for positive integers k. On the other hand, there exist 
complete Ricci-fiat Kahler manifolds of complex dimension n whose volume 
growth are r^^^)/(^+^) [2][3][l9]. 

In this paper we will show that there is a family of complete hyperkahler 
manifolds of real dimension 4 whose volume growth is less than and more 
than r^. 

Anderson, Kronheimer and LeBrun constructed the hyperkahler manifolds 
of type Aoo by Gibbons Hawking ansatz in [1] , which are 4-dimensional non- 
compact complete hyperkahler manifolds of infinite topological type. Here 
infinite topological type means that the homology groups are infinitely gen- 
erated. The same metrics were constructed by hyperkahler quotinet method 
due to Goto in [TO] . Each of the metrics in [T] is constructed from an element 
of 

(ImH)^ := {A = {Xn)nez G (ImH)^; V ^ /. , , < +oo}. 
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where EI is the quaternions and ImH the 3-dimensional subspace formed by 
the purely imaginary quaternions. We denote by {Xx,g\) the hyperkahler 
metric of type A^o constructed from A = {Xn)nGZ ^ (ImEI)Q. The purpose of 
this paper is studying the asymptotic behavior of Vg^{po, r) for some po G Xx, 
and observe how the volume growth of gx depends on the choice of A. The 
main result is described as follows. 

Theorem 1.1. For each A G (ImH)Q and po G Xx, the function Vg^{po,r) 
satisfies 

< hmmf ; < hmsup ; _^ < +cx), 

where the fuction Tx : M>o — R>o is defined by 



-R + I -^n I 

for R>0. 
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Applying Theorem 1.1 to some A G (ImEI)Q, we can find hyperkaler man- 
ifolds whose volume growth is given as follows. 

Theorem 1.2. (1) There is a hyperkdhler manifold {Xx,gx) for each 3 < 
a < 4 which satisfies 

< limmf < hmsup < +oo. 

(2) There is a hyperkdhler manifold {Xx,g\) which satisfies 

limMl = o, lim^ = +oo 

r— >+co r r— >+c« 

for any a < 4. 

Next we denote by g^^^ the Taub-NUT deformation of g\ where s > is 

(s) 

the parameter of deformations. Then the volume growth of g\ is given by 
the following. 



Theorem 1.3. Let A G (ImEI)Q and s > 0. Then the volume growth of 



hyperkdhler metric g^^^ satisfies 
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lim — . 

In Section 2, we review the construction and the basic properties of hy- 
perkahler manifolds of type Aoq. Although there are two constructions by 
Gibbons-Hawking ansatz and hyperkahler quotient method, we adopt the 
latter way according to [10] since the argument in Section 3 is due to Goto's 
construction. Then we obtain the hyperkahler manifold {Xx,gx) as a hy- 
perkahler quotient, and there are an S'^-action on Xx preserving the hy- 
perkahler structure and the hyperkahler moment map ^x '■ ImH. 
For the proof of Theorem 1.1, we need upper and lower bounds for the func- 
tion Vg^{po,r), which are discussed in Sections 3 and 4, respectively. In 
Section 3 the upper bound for Vg^{po,r) will be obtained as follows. We fix 
Po G Xx to be fix{Po) = G ImH. Then we obtain two inequalities 

dgxiPo,pf > Q-\f^\{p)\-fxi\f^x{p)\), 

for each p G Xx, where volg^ is the Riemannian measure, dg^ is the Rieman- 
nian distance, Bn := G ImH; \(\ < R}, and P+, Q- are positive constants. 
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The former inequality is obtained from the hyperkahler construction, and the 
latter one is obtained from Gibbons Hawking ansatz. By combining these 
inequalities we have the upper bound for Vg^{po,r). 

Next we discuss the lower bound for Vg^{po,r) in Section 4. If we try to 
bound the function Vg^{po,r) from below in a similar method as in Section 
3, then we need to show the inequality 

which seems to be hard to show for any p G Xx. But it does not mean that 
the author can give a counterexample to the inequality. In Section 4, we take 
an open subset of Bg^{pQ, r) which consists of points p G Bg^{pQ, r) satisfying 
the inequality dg^{po,pY < Q+\fix{p) \ ■ (px{\fJ'x{p)\), and compute the volume 
of the subset, which is the lower bound for ^^^(po,''")- 

From two types of estimates obtained in Sections 3 and 4, we prove Theorem 
1.1 in Section 5. 

We compute the volume growth of some examples concretely in Section 6, 
and obtain Theorem 1.2. Section 7 is devoted to studying the volume growth 
of the Taub-NUT deformations of {Xx,gx)- 

Acknowledgment. The author would like to thank Professor Hiroshi Konno 
for several advice on this paper. The author was supported by Grant-in-Aid 
for JSPS Fellows (20-7215). 



2 Hyperkahler manifolds of type A^o 

In this section, we review the construction of hyperkahler manifolds of 
type according to [TU]. Although they can be constructed by Gibbons- 
Hawking ansatz [T], we need hyperkahler quotient construction in [TU] for 
arguments in Section 3. Before the construction, we start with some basic 
definitions. 

Definition 2.1. Let {X,g) be a Riemannian manifold of dimension An and 
Ji, I2, 13 be complex structures on X compatible with g. Then (X, g, Ii, I2, 13) 
is a hyperkahler manifold if [Ii, 12,13) satisfies the quaternionic relations 
If = I2 = I3 = hhh = —id and each Ui := g{Ii-, ■) is closed for i = 1,2, 3. 

Let H = M © Mi © Mj © Mfc = C © Cj be the quaternions and ImH = 
Mi © Mj © Mfc the 3-dimensional subspace formed by the purely imaginary 
quaternions. We can combine three fundamental 2-forms into a single ImH- 
valued 2-form cu := Uii + 002] + Ws/c. Then it turns out that three complex 
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structures and the metric are determined by the 2- form uj. Hence we call u 
the hypcrkahler structure on X instead of {g, Ii, I2, h). 

Let G be a Lie group acting on a manifold X. Then each element ^ of 
the Lie algebra of G generates a vector field ^* € '^{^) defined by ^* := 

j^\t=ox exp{t^) e T^x foT X ex. 

Definition 2.2. Suppose that the n-dimensional torus T" with Lie algebra 
acts smoothly on a hyperkahler manifold {X, cu) preserving the hyperkahler 
structure cu. Then the hyperkahler moment map n : X ^ ImM (8) (t"')* for 
the action of T" on X is defined by two properties (i) is T"- invariant, 
(ii) {dfi^{V),0 = uj{C,Vx) e ImH for all x e X and V G T,X. Here 
(, ) : ImH ® {f^y (8) i"^ — >■ ImH is the natural pairing induced from the 
contraction. 

Next we review the construction of hyperkahler manifolds of type A^o ■ 
Let be the set of maps from the integers Z to a set S. Then each x G 
is expressed in the sequence x = {xn)nez where Xn G S. Then we define a 
Hilbert space M in the infinite sequences of the quaternions by 



for u,v e H^. 

Put H^ := {A G H^; Enez(l + l^nP)"^ < +^}- Then for each A G H^, we 
have the following Hilbert manifolds 



M := {v G H^; \\v\\lj < +00}, 



where the Hilbert metric is given by 




Ma 
Ua 



A + M ^{A + v; V e M}, 

{9 = {gn)nez e {S^f; ||iz - ^Hi < +00}, 

U = (Unez e K^; mil < +00}, 



Ga 



{9 = (9n)nez e C/a; n ^" ^ 




where 



Y.(^ + \An\')CnVn, ||C||i:=(C,0 



A 
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for ^,77 e C^. Here, Iz e (5"^)^ is the constant map (lz)n 1- The 
convergence of Y[nGz9n J2n&^n follows from the condition X]nez(-'- + 
||An|P)~^ < +00. Then Ga is a Hilbert Lie group whose Lie algebra is gA. 
We can define a right action of Ga on Ma hj xg := {xngn)n& for x G Ma, 
5^ G Ga- Here the product of Xn and Qn is given by regarding as the subset 
of H by the natural injections C C C H. 

Since M is a left H-module defined by hv := {hvn)n& for f G M and h G 
H, M has a hypcrkahlcr structure given by the left multiplication of /c 
and inner product {^)m on M. We denote by /i,J2,/3 G End(M) complex 
structures induced by the left multiplication by i,j,k, respectively. Thus 
Ma is an infinite dimensional hyperkahler manifold and the action of Ga on 
Ma preserves the hyperkahler structure. Then we define a map fi\ : M\ — >■ 
ImH (8) by 

{fiA{x),^) := '^{xnixn - KiK)in ^ ImH 

for X G Ma, C ^ Sa- This is the hyperkahler moment map for the action 
of infinite dimensional torus Ga on Ma. 

Since //a is Ga- invariant, then Ga acts on the inverse image /t^^(O). Hence we 
obtain the quotient space /i^^(0)/GA which is called hyperkahler quotient. In 
general, there is no guarantee that /i^^(0)/GA is a smooth manifold for every 
A G Hq. For the smoothness of /t^^(0)/GA we need the following condition. 

Definition 2.3. An element A G Hq is generic if A„iA„ — A^iA^ for all 
distinct n,m ^Ia. 

Proposition 2.4. For a generic A G Hq, the Lie group G\ acts freely on 

Proof. Let e; G gA be defined by e; := (e;,„)„ez, where 

_ r 1 in = l), 
\0 {n^ I). 

Since gA is generated by elements Ci — Cm, then x G Ma satisfies (i!^{x) = 
if and only if {fi/<^{x),ei — e„t) = for all l,m G Z. Hence the value of 

— AniAn is independent of n G Z for a; G /iy^ (0). 
Assume that there is a pair of x G fi~/^^{0) and g G Ga satisfies xg — x. If 
Xn ^ for any n G Z, then g = 1. Therefore we may assume Xs = for some 
s G Z. Then we have XniXn — A„iA„ — — AgiA^ for all n G Z, which implies 

XniXn = AniAn - AgiAg ^ 
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for n ^ s. Since a;„ = if and only if XniXn = 0, we have x„ 7^ if 7^ s. 
Thus we have shown Qn = 1 if n ^ s, and also Qs should be 1 from the 
condition Hnez^'n = 1- □ 

Theorem 2.5 ([ID])- If A. G Hq is generic, then ill\0)/GA is a smooth 
manifold of dimension A, and the hyperkdhler structure on M\ induces a 
hyperkdhler structure ua on fi]^^(0)/GA- 



Remark 2.1. In [10], the above theorem is proved in the case of 

An = 



ni {n > 0), 
nk {n < 0). 

But it is easy to show the theorem for the case of any generic A G Hq. 

Take A e and (e*^")„ez e {S^)^ and put A' = (A„e*^")„ez- Then there 
is a canonical isomorphism of hyperkahler structure between fi~l^^{0)/G\ and 
Aa'^(0)/^a' as follows. Define a map F : /iX^(O) ~^ /^a'^(O) by 

Since F is equivariant with respect to Ga and GA'-actions, we obtain F : 
Aa^(0)/^a ~^ Aa'^(0)/G'a', which preserves hyperkahler structures Co a and 
Co A' ■ In this case we have A„iA„ = A^iA^ for all n G Z. Converesely, if we take 
A, A' G ml to be {KniK)n& = (A'JA'Jnez, then there is (e^^")„gz e (^i)^ 
such that A'„ = A„e*^". Thus /i^"'^(0)/GA and /i^/(0)/G'A' are isomorphic as 
hyperkahler manifolds if (A„iA„)„gz = (A^iA^)„gz- Therefore we may put 

iX,,Ux) ■.= ifl-A\0)/GA,tOA)ioT 

X G (ImH)^ := {(A^zA^nez G (ImM)^; A G H^} 
= {A G (Ime)^ 5^ — ^ < +00} 

and A G P^^(A). Then the condition for Xx to be smooth is written as 
follows. 

Definition 2.6. An element A G (ImEI)Q is generic if A„ — A^ 7^ for all 
distinct n, m G Z. 

Then Theorem 2.5 implies that {Xx, u)x) is a smooth hyperkahler manifold 
for each generic A G (ImEI)Q. 

We denote by gx the hyperkahler metric induced from ux- 

Tlieorem 2.7 ([ID]). Let {Xx,gx) be as above. Then the Riemannian metric 
gx is complete. 
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We denote by [x] G fi^^{0)/G\ the equivalence class represented by x G 
/i^^(O). Then by putting 

[x]g ■= [(..., x_i,Xog, xi, ■ ■ ■ , a;„, ■ ■ ■)] 

for X = {xn)n& = (■ ■ ■ 5 X-i, Xq, Xi, ■ ■ ■ , x„, ■ ■ ■) G /iA"'^(0) ^-^^ G 5*^ we have 
the action of on X^. Then the hyperkahler moment map ^\ : Xx — )■ 
ImH = M? is given by 

/^a(N) '■= XqIXq — Aq G ImH. 

Since x G /iX"'^(0), we have xo^xq — Aq = x„zx„ — A^, where we identify (t^)* 
with M by taking a generator of t^. 

If we put Stab{[x]) := {(7 G S"*^; [x]g = [x]} for [x] G X^, then it is obvi- 
ous that Stab{[x]) = {1} if and only if x„ 7^ for any n G Z, otherwise 
Stab{[x]) = S^. Hence we have a principal S'^-bundle fi\\x^ '■ ~^ where 

XI := {[x] G Xx; x„ ^ for all n G Z}, 
:= ImH\{-A„; n G Z}. 

Definition 2.8. An S^-action on a 4-dimensional hyperkahler manifold 
{X,uj) is tri-Hamiltonian if the action preserves cu and there exists a hy- 
perkahler moment map /i : X — )■ ImH for the action of S"^. 

Theorem 2.9 (^). There exists a canonical one-to-one correspondence be- 
tween the followings; (i) a hyperkahler manifold of real dimension 4 with free 
tri-Hamiltonian -action, (ii) a principal -bundle fi : X ^ Y where Y is 
an open subset ofM.^, and an S^-connection A on X and a positive valued 
harmonic function ^ on Y such that -^^f = Here * is the Hodge 

star operator with respect to the Euclidean metric on R^. 



Here we see a sketch of the proof, and the details can be seen in [10] . 
Let (X, u) be a hyperkahler manifold of dimension 4 with a free S'^-action pre- 
serving u, and /i : X — )■ ImH the hyperkahler moment map. Then {Y, $, A) 
is given by the followings. Let Y be the image /i(X). Then the function 
$ : F M is defined by 



$(/x(x)) 



for X G X, where g is the hyperkahler metric and ^ := a/— 1 is a generator 
of Lie algebre of the Lie group S^. For each x G X, we denote by C T^X 
the subspace spanned by Then the S'^-connection A on X is defined 
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by the horizontal distribution (-f^xOxex where H^. C T.J.X is the orthogonal 
complement of V^. 

Conversely, let jj, = (/ii, /i2, /is) : X — )■ F C ImH be a principal S'^-bundle and 
A) a pair consisting a positive valued harmonic function and a connection 
of the S'^-bundle with -^^f = ^*{*d^). Then the hyperkahler structure 
u = (cji, U2, UJ3) G f2^(X) ® ImH is defined by 

Ui := (iyUi A ^^^^ — - + /i*$(i/i2 A dfi^, 

U2 := (i/i2 A — - + fi*^dfi3 A dfii, 
j\ 

Go's := d^3 A — ^= + A (i/i2. 



Then it follows from the condition -^^f = that cu is closed. 

Theorem 2.9 gives the positive valued harmonic function $a on Yx and S*^- 
connection Ax on X^. It is known in [TU] that ^x is given by 

for C G Ia- 

Let (X, w) be a hyperkahler manifold satisfying the condition (i) of Theorem 
2.9, and (Y, $, A) be what corresponds to (X, u) satisfying the condition (ii). 
Denote by g the hyperkahler metric of u and let volg(-B) be the volume of a 
subset B C X. 

Lemma 2.10. Let U C ImH he an open set. Then we have the following 
formula 



^0\g{li-\U)) =71 I ^C)dC,dC2dCs, 



where ( = (Ci?C2,C3) ^ ImH is the Cartesian coordinate. 

Proof. It suffices to show the assertion for all open set U G Y. 
First of all we suppose that the principal S'^-bundle /i : n^^iJJ) — )■ t/ is 
trivial. Then we can take a C°° trivialization a : U ^ fi^^{U) and define 
C°° map t : n'^iU) M/27rZ by t{a{C)e'^) := 6 foi ( ^ U and 6 G M/27rZ 
and obtain a local coordinate (t, /xi, /X2, /^a) on fi~^{U). Since we may write 
dt = —y/^A + ^jLi azd/i' for some 01,02,03 G C°°(/i~^(f/)), the volume 
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form volg is given by 



volg = A d//2 A d//3 A A 

a*^ , , , , 
= —r-dni A a/X2 A 0/^3 A at. 



Thus we have 

vo\g{^i-\U)) = I vol. 



d^i A ci/i2 A d/^a A dt 

= TT / ^OdQ^dQ^dQ^. 

For a general U C F, we take open sets Ui,U2, - ■ ■ , Um C F such that each 
principal 5'^-bundle fJ.~^{Ua) is trivial and U™^^ Ua d U G II^LT^- 

Then we have 

m 

a=l 
m ,. 

= ^TT / $(C)dCl^^C2rfC3 

a=i -^Cec/. 

= TT /" $(C)dCl^^C2(^C3- 

□ 



3 The upper bound for the volume growth 

For a Riemannian manifold {X^g) and a point po ^ ^5 we denote by 
Vg{po,r) the volume of a ball By{po,r) := {p G X; dg{po,p) < r} with re- 
spect to the Riemannian distance dg. In this section, we will evaluate the 
upper bound for Vg^{po,r) for the hypcrkahlcr manifold {X\,g\). 
In Section 2, we supposed A G (ImHI)Q to be generic for the smoothness of 
{Xx,g\)- But the function Vg^{pQ,r) is determined only by the Riemannian 
measure vol,^ and the Riemannian distance dg^. Even if A e (ImEI)Q is taken 
not to be generic, vol,;^ and dg^ can be extended to Xx naturally. Hence we 
take A e (ImH)Q not necessary to be generic from now on. 
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Fix pq e Xx to be /xa(po) — —^o- We may assume Aq = since the hy- 
perkahler quotient constructed from (A„ — Ao)nez is isometric to {Xx,g\)- 
For each R > 0, put 

and v?a(0) := Um^^^+o V'a(-R)- 

Proposition 3.1. We have the following inequality 

dgx{Pa,pf > Q-W{p)\ ■ Vx{\l^x{p)\) 
for any p G Xx, where Q- = 1/8. 

Proof Take A = (A„)„6Z G Hg to be A„iA„ = A„ for all n G Z. We fix 
X G /iA^(O) such that [x] = p. If we regard ft\^{0) as the infinite dimensional 
Riemannian submanifold of M\, then the quotient map ft\^{0) — > -'^a = 
Aa^(O) / is a Riemannian submersion and G\ acts on /iX^(O) ^ isometry. 
Then the horizontal lift of the geodesic from po to p has the same length as 
dg^(po,p). Since the Riemannian distance between A and x' G fi\^{0) is 
larger than ||A — x'Hm, then we have 

dg^{po,p)> inf IIA-xo-IIm- 

If we put A = (a„ + /3„j)nez, x = {zn + Wnj)nez and a = (e*^")„gz, then 

iiA - xawi, = Yl - ^"^''"1' + - ^"^-^^-n. 

If the function /„(i) := |q;„ — ^„e**p + — tf^e"**!^ attains its minimum at ^„ 
for each n G Z, then cr = (e*^"-)„gz satisfies||A — xctHm < infreGA ||A — xtHm- 
From the equations 

A„ = A„iA„ = idttn^ - l/^nH - lan^nk, 

we have 

/nW = |A„| + IC + A„| - 2i?e{(a„^„ + /3„w„)e-^*}, 

where (, )ir3 is the standard inner product on ImH = M^. 

Suppose n ^ 0. If + ^,Wn ^ 0, then we put e^^" := .""'-"t!""", - If 
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anZn + Pni^n — 0, we may put ^„ := since is constant. 
Let S :— {n e Z; UnZn + Bn'^n — 0}. For each n ^ S, we have 



\0in - ZnC'^'^l^ + \l3n- 



-ie„\2 _ iCh 



< 



+ IC + AnI + 2|q;„^„ + l3nWn\ 



Hence we deduce 

J] |A„ - x„e^^"|2 < J] I An - 2;„|' + J] ^ < 

Thus we obtain ^„g2\{o} l^nPll ~ e*^"p < +00, which ensures the conver- 
gence of n„6z\{o}e^^". 

It follows from Aq = that ao — ^o — 0. Then /o(t) is constant. Since /o(t) 
attains its minimum at any then we may put e*^° n„gz\{o}e~*^". Thus 
the function || A — xtHm attains its minimum at r = cr = (e'^")nez G ^a. For 
this cr, we have 

l|A ^(|A„| + IC + AnI - v^a/|A„||C + A„| + (A„, C + KM 

^ |A„| + IC + A„| + \/2Vl^n||C + A„| + (A„,C + A„)M3 

Then the assertion is obtained by putting = |. □ 

Put Br := {C G ImH; |C| < R}. Next we discuss the upper bound for 
the volume of ii^^{Br). 

Lemma 3.2. We define two functions Nx{R) andipx{R) by 
Nx{R) := {n e Z; |A„| < R}, 

MR) ■■= mx{R)+ Yl jh^ 

for R> 0. Then we have 

MR) < MR) < '^MR)- 
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Proof. We define two functions p{x) and q{x) by 

X 

p{x) := , q{x) := min{l,a;} 

for a: > 0. Then the inequalities 

p{x) < q{x) < 2p{x) 
hold for each x >0. Therefore the assertion follows from 



□ 



Lemma 3.3. For a > 1 and R > 0, we have (px{aR) < a(p\{R) and 
^x{aR)<aMR)- 

Proof. Since "^^^^ is strictly decreasing for R, we have 

^A(a-R) = 5— < — 5— = Q;<^a(-R) 

aR R 

for q; > 1 and R > 0. It follows from the same argument that ipx{aR) < 
aijjxi.R)- □ 

Proposition 3.4. T/iere is a constant P+ > independent of A and i? suc/i 
that 

Yo\,,{iil\BR)) < P+R\x{R) 

for all R>0. 

Proof. From Lemma 2.10, the volume of ii'^^[Br) is given by 

Jc.eBR 

^ ni^-^Ces« IC + A„| 

Let (r > 0, O) be the polar coordinate over ImH = where 6 is a coordi- 
nate on 5*^ = dBi. If n e Nx{R), then the change of variables C' = C + ''^n 
gives 



An / rdr 
Jo 



27r(i?+ |A„|)^ < 87ri?^ 
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li n ^ Nx{R), the mean value property of harmonic functions gives 



1 ^^^^^^ 4^^' ^ 



since harmonic on Br. Hence the upper bound for yolg^{fj,^^{Bii)) 

is given by 

Then we have the assertion by putting P+ := 47r^. □ 

Let e^^ciR) ■= Cipx{R)R\ rx,c{R) ■= C(px{R)R for C > 0, and r^}. : 
M>o — )■ M>o be the inverse function of tx^c- 

Proposition 3.5. Let P+ and be as in Proposition 3.1 and 3.4- Then 
the inequality 

V,,{po,r)<9x,P^oT^}^_{r') 

holds for all r >0. 

Proof. Since p e Bg^{po, y/rx,Q_{R)) satisfies dg^{po,pf < tx,q_{R), then 
from Proposition 3.1 we obtain 

Tx,QA\i^xm = Q-\f^x{pm\f^xm < tx,q_{r). 

Since the function tx,q_{R) is strictly increasing, we have |a*a(p)| < R- Then 
we have Bg^{pQ, tx,q_{R)) C ^'^^{Br). Then it follows from Proposition 
3.4 that we have 

vol,,(S,,(po, ^JTx,Q_{R))) < Yo\g,{^xl\Bn)) < P+RMR) = OxM^)- 

Set r = y^T\Q~jK). Then substituting for R the inverse function T^Q_{r^), 
we obtain the result. □ 



4 The lower bound for the volume growth 

In the previous section we obtained the upper bound for Vg^(po,r). The 
purpose of this section is to obtain the inequality 

Ox,p.or,^l^^{r')<Vg,{po,r), 
14 



where P_, (5+ > are constants independent of A and r. In similar consider- 
ation as in Section 3, it seems that the following two inequalities should be 
shown, 

Yo\,,(i,^\Bn)) > P-R'vx{R), (1) 
dg^{Po,pf < Q+I/^a(p)| • ¥'a(|/^a(p)|)- (2) 

But it seems to be hard to show the inequality (2) for the author. Accordingly 
we shall show two modified inequalities; one is a stronger inequality than (1), 
and the other is weaker than (2). First of all we consider the former estimate. 
Let U C -S^ be a measurable set and put 

Br^jj := {tC e ImH; 0<t<R, ( eU}. 

Wc denote by 77252 the measure induced from the Riemannian metric with 
constant curvature over S"^ whose total measure is given by ms2{S^) = iir. 
First of all we consider the lower bound for vo\g^{fj,^^{Bji^u)). 

Proposition 4.1. There is a constant C_ > independent of X, R and 
U C S^, which satisfies 

vo\g,{i^^\BR,u)) > C-ms2{U)R^ ■ ipx{R). 
Proof. From the triangle inequality, we have 



n 



4 Jre[0,R] Je&u ^ + l-^nl 

] 

r + |A 



4 ^Wl-^'^--' 



If n e Nx{R), then 

1 o . _ /■ 1 o . . „ 1. 



/ 



re[0,R] ^+ \^n\ JrelO,R] 

If n ^ Nx{R), then 



f I 1 

r'^dr > / -r^dr = (log 2 - -)R'^. 

Jr€\o.R] r + R 2 



/ p—rr'^dr — [ ——r'^dr 

Jr&[Q,R] f + I An I Ae[0,i?] ^ + |An| 
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Since the inequality 



111 
log(l + x) >x - -x^ + -x^ - -x^ 

^ O "rr 



holds for a; > 0, then we have 



/ 



r^dr > A 



1 i?3 



> 



12 |A, 

4C- . ri^„o 1 1 



By taking := min{log2 — |, ^} > 0, we have 



□ 



Next we need the upper bound for dg^{po,p). If we can calculate the 
length of a piecewise smooth path from po to p, then the length is larger 
than dg^{po,p)- Here we take the path as follows. 

Put ( = [Ji\{p). For 1^1 < 1, we define 7p to be the geodesic from pq to p. 
If Id > 1, we define a function 5 : [1, |C|] — >■ ImH by 5{t) :— t-^^ and take 

the horizontal hft 5 : [1, |C|] — >■ -'^a of <^ with respect to the connection Ax 
such that ^(ICI) = p. If there exists a point t E [1, |C|] such that 5{t) — — A„ 
for some n G Z, then 5 is not always smooth but continuous and piecewise 
smooth. Then we obtain a path 7^ by connecting the geodesic from po to 
5(1) and 5. 

The length of 7^ is given by dg^{po, S{1)) + ^a(a*a(p)) where Ix : ImH — >■ R is 
defined by 

"ICI 




for Id > 1, and lx{C) for |C| < 1. 



'ICI 



If there exists a point t e [1, |C|] such that S{t) — — A„, then ^^x(t 

not continuous at ^ = |A„|. But the integral jj^^ ^'^^^(t^dt is well-defined 
since the integral 




+ h{t)dt 
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is a finite value for any constant a > 0, 6 e R and smooth function h{t). 
Now we have dg^{po,p) < Lx + hi/jixip)), where 



:= sup dg^{po,p) < +00. 



Proposition 4.2. There is a constant C+ > independent of X and R which 
satisfies 

I lx{RQ)dms2 < 47ry/C+Ripx{R). 
JeedBi 

Proof. We may suppose -R > 1, since the left hand side of the assertion is 
equal to if < 1. The definition of Ix gives 

[ lx{RQ)dms2 < [ [ ^/^x(t&)dtdms 
JeedBi JeedBi Ji 



= I ^''C. (3) 

JCeBii\Bi \^\ 



where d( = d(idC2dC3- 

Take m e Z>o to be 2"^ < < 2"*+^ Then the Cauchy-Schwarz inequality 
gives 



m—l „ 

1=0 -^0 



m—l 

J (&B^l+i\B^l ICP JceBii\B2m. ICP 



m—l 




From Proposition 3.4, the inequalities 

/ ^x{()dC < f MC)dC < ^t\x{t) 
JceBt\Bt, JceBt ^ 

hold for any < < t. Therefore the assertion follows from 

(3) < ^^EV^-2^\/v'''"'^^^^''"') 

i=0 
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1 



1=0 



by putting C+ = {^rP+. □ 

Since R^p\{R) diverges to +oo for R — >■ +oo, there is a constant i?o > 
which satisfies 

47rLA + / lx{RQ)dms2 < 4.T:^2C+Rifx{R) (4) 
for all R> Rq. Now wc put 



c/ii,T {e e L;, + Z;,(i?e) < ^/trJ^)} 

for R,T > 0. For a fixed i? > 0, we introduce a function F(©) on 5"^ by 

F(e) Lx + lx{Re). 

Then C/ij^T is the inverse image F~^([0, ^yTR(px{R)]), hence C/i^^T is a mea- 
surable set. 

Lemma 4.3. There exists a sufficiently large Rq > and we have 

forR> Ro andT> 2C+. 

Proof. From (4), we have the upper bound 

47l^y2C+R(px{R) > [ F{e)dms2. (5) 

Since F{Q) :— Lx + lx{RQ) > dg^{po,p) and IjLx{p) — C — Lemma 3.1 
yields the lower bound for F(©), 



F(e) > ,/Q_Ripx{R). 
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On the complement U^^ of Ur^t in S^, we have F(e) > ^jTRipx{R). Then 
we have 

/ F{e)dms2 = [ F{Q)dms2+ [ F{Q)dms2 



> ms2iUR,T)VQ-Rfx{R) 



+ (47r - ms2iUR,T))VTR^xiR). (6) 
Prom inequahties (5) and (6), we have 

47rV2C+i?¥PA(i?) > ms2iUR,T)VQ^R^xiR) 

+ (47r - ms2{UR,T))VTRMR)- 

Thus we have 

{Vt - ^)ms2{UR,T)^/RMR) > M^-V^)VRMR)- 

Since T > 2C+ > we obtain 



ms^iUR^T) > 47r- ^ 



□ 



Lemma 4.4. For each R > and T > 0, ii^^{BR^UiiT) ^ subset of 

BgM,V^MR))- 

Proof. First of all we take p e ij,'^^{Br^Urt) ^^^h that |AiA(p)| > 1- Since 
#44t is an element of C/rt, we have 

i^A + UM) <Lx + ix (rP^) < Vtr^MR}- 



from R > \ijL\(p)\ > 1. Then we obtain dg^(po,p) < ■\/TR(px{R) from 
dgxiPo,P) < Lx + lx{^^x{p))- 

If p e ii^^{Br u^^) is taken to be |/iA(p)| < 1, then we have the same con- 
clusion as above since /a(a*a(p)) = in this case. □ 

Now we fix a constant to be (5+ > 2C+ and put mo := 47r- + v "+ 



and P- :— moC-. 
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Proposition 4.5. Let P_,Q+ > be as above. Then we have 

liminf^^>^^>0. 



r 



2^ 



Proof. Let R> 0. From Lemma 4.4, we have 

Then Proposition 4.1 gives 

^..(Po,yW^) > m52(C/«,QjC_i?VA(i?) 

for R> Rq. Thus we have the assertion by putting i? = '^a^q_,_('^^)- D 

5 The volume growth 

In Sections 3 and 4, we estimate Vg^{po,r) from the above by 0\^p_^ o 
TxQ_{r'^) and from the bottom by 9x^p_ o T^Q^(r^). In this section we 
show that the asymptotic behavior of the functions ^a,p+ ° '^xQ^i^'^) and 
6'a,p_ ° 'Tx,Q+i''"^) equal up to constant, and prove the main results. 
The asymptotic behavior of Vg^ {p, r) is independent of the choice of p e 
from the next well-known fact. 

Proposition 5.1. Let {X,g) be a connected Riemannian manifold of dimen- 
sion n, whose Ricci curvature is nonnegative. Then we have 

hm -f- = 1 

for anypo,Pi G X. 

Proof. Prom the Bishop- Gromov comparison inequality ^^^^'^^ is nonincreas- 
ing with respect to r. If we put Tq := dg{po,pi), then we have 

VgiPur) ^ Vg{po,r + ro) 



Vg(Po,r) Vg{po,r) 

_ r" Vg{po,r + ro){r + roy 



< 



r"" Vg{po,r){r + ro) 



n 



yg{Po,r) r 
(r + ro)'* 



^ 1 (r ^ +oo). 
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By considering the same argument after exchanging po ^-nd Pi , we have the 
assertion. □ 

We denote by C° the set of the nondecreasing continuous functions from 
]R>o to IR>o- 

Definition 5.2. For /o,/i G C°, we define /o(r) fi{r) if 

iimsup < +00. 

Definition 5.3. For /o,/i G C°, we define /o(r) ~r /i(r) if /o(r) /i(r) 
and /i(r) /o(r). 

For a Riemannian manifold (X, g) and a point po G X, the function 
Vg{pQ, r) is an element of C° . If (X, 5?) satisfies the assumption of Proposition 
5.1, then the equivalence class of Vg{po, r) with respect to ~r is independent 
of the choice of po G -'^^ Therefore we denoted by Vg{r) the equivalence class 
of Vg{po, r). For example, if we write Vg{r) r", then it imphes that 

hm sup — < +00 

7 >+00 f 

for some (hence all) po G X. 

The main purpose of this section is to look for the function in C° which is 
equivalent to Vg^{r). 

Lemma 5.4. Let S+, T+, TL > 0. Then ° 'T'xt- ^'^^ ^x,S- ° 'Txt+ ^'^^ 
elements of C° and we have ^a,5+ ° '^\t- ('"^) —r ^x,S- ° '^\t+ ('"^) • 

Proof. We may suppose TL < r+ without loss of generahty. Since tx^t+ and 
Tx^T- are continuous, strictly increasing and satisfy Tx^r+i^) = Tx,T-{0) = 
0, then and also the elements of C^. Hence the composite 

functions 9x,s+ ° 'T'xt. ^a,5_ ° ^^"7+ are also the elements of C^. 
Next we show (i) Ox,s-Or^T+i'^'^) G\,s+'^^xtA^'^) and (n) Ox,s+'^t^t_{^'^) 

(i) From tx,t+{R) > tx,t_{R) and strictly increasingness of tx,t±, then we 
have T^T^{r'^) < ''■a^t_(^^)- Hence we obtain 

(n) Put R± := T;^r±(^^)- Then we have 

= T+R+ipxiR+) = T_R_^x{R-). 
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Since ip\ is nondecreasing, it holds 

R-^x{R-) = ^R+^x{R+) < ^R+^x(^R+) (7) 

Since the function R'^\{R) is strictly increasing with respect to i?, the ex- 
pression (7) gives -R_ < ^R^. Recall that satisfies (px{aR) < a(px{R) 
for a>l, which implies Ox^s+{c(R) < (^^(^x,s+{R)- Thus we have 



e 



^A,5_oT,-^^(r2) ex,s.{R+)- 0x,sAR+) - yT_J ex,sAR+) 



□ 



Put 9x '■— 0x,i, Tx '■— Tx,i- Then the main result in this paper is described 
as follows. 

Theorem 5.5. For each X e (ImH)o and p e Xx, the function Vg^{p,r) 
satisfies 



< hminf < limsup < +oo. 



Proof. We have shown that 

Ox,p. o T,-J^(r^) V,,{r) Ox,P^ o r.-^ Jr^) 
in Sections 3 and 4, and 

(^x,P-Orx,'Qy) or,-J_(r2) c^r 0xor^\r') 

in Lemma 5.4. Thus we have the assertion from 

dxor^\r')^r^\r')-rx{r^\r'))^r'r^\r'). 



□ 



Corollary 5.6. For\,\' G (lmE[)Q, the condition Vg^r) ^v(^) ^'^ equiv- 
alent to (px{R) Vx'{R)- 
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Proof. The condition Vg^{r) ^gyi''^) equivalent to T^^(r^) Ty^i'i^'^) 
from Theorem 5.5. 

If we assume T^^{r^) '^y'^i'i"'^) then there are constants vq > and C > 1 

— 1 / 2 \ 

which satisfy ^-i^^2^ ^ for all r > Tq. Now we put := t;^(-R) and 
(r'f := rA'(i?) for i? > T^\rl). Since we have 

then 

(rO^ < r.,(Cr,-^(r^)) < C'Mr^Mr')) = CV^ 

is given by the monotonicity of Ty. Thus we obtain -^^^ < for all 
-R > ''"a'^(^o)> which implies tx/{R) :<r tx{R). 

On the other hand, if we assume Ty{R) ta(-R) then r;^^(r^) '?"a'^(^^) 
is obtained in the same way. Thus we have the assertion since the condition 
7'A'(-R) diRTxiR) is equivalent to (px'{R) d^R <Px{R)- □ 

Lemma 5.7. For all A e (Im]H[)o , we have 

lim (px{R) = +00. 

ii->-+0O 

Proof. Prom Lemma 3.2, it is enough to show limn^^^ipxiR) — +oo, which 
follows directly from hmR_^+oo II-^a(-R) = +oo. □ 

Lemma 5.8. For all A e (Im]H[)o , we have 

lim ^ = 0. 

Proof. For each e > there exists a sufficiently large e Z>o such that 

Ei^i^„ iT-i < §• Hence we have 
\n\>ns |A„| 2 

p_L ixj 



-R ,7-^ it!+|A„| it!+|A„| 

|n|<ne |n|>ne 



< E- 



1 



R Aj; 

|n|<ne |n|>ne 

^ + 1 £ 



Then the inequality ^^^^ < s holds for any i? > H(H!M±1)^ which implies 
hm^j^+oo ^^^^ < The assertion follows by taking £ — >■ 0. □ 
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Corollary 5.9. For all A e (ImH)o, we have 

lim ^ = 0, lim ^ = +00. 

r— >-+oo r r— >+oo T 

Proof. It suffices to show that 



r r 



We put R = (r ) and consider the hmit oi R ^ +00. Then we have 
OxOT^\r') 9,iR) 1 



r4 T^(i?)2 ^^{Ry 



and 



Hence we obtain 



lim = lim 4^ = 0, 

from Lemmas 5.7 and 5.8. □ 

The condition ip\{R) diR <^\'{R) is rather difficult to check. But we can 
describe the sufficient condition for (px{R) d^R <fx'{R) easier as follows. 

Proposition 5.10. Let A, A' e (ImEI)Q. Suppose that there are some a > 
and Ro > such that ]\Nx{R) < iN^x^R) for R > Rq, where aX' := 
{aX'Jnez- Then we have (px{R) diR ^x'{R)- 

Proof Take bijections a,b : Z>o ^ Z to be \Xain)\ < l^a(«+i)|, \K(n)\ ^ 
I'^Kn+i)! 6^ch n e Z>o. Then the condition jiA^A(-R) < tl-^aA'(-R) is equiv- 
alent to a-\Nx{R)) C 6-niVaA'(^))- 

Take no G Z>o sufficiently large such that |A(i(„(,)| > Rq. Then we have 
|q;A'j^^^| < |Aa(„)| for each n>no from 

a-\Nx{\Xain)\)) (^b~\N^X'{\Xain)\)). 
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If n is an element of b ^{Na\'{R))\a ^{Nx{R)) for R > Rq, then we have 



111 1 

< — . -. r < 



1^^0(71)1 R \^a(n)\ '^l'^6(n)l 

Thus we have 

MR) = mx{R)+ E 1)^1 



< mxiR) + mayiR)-mxiR))+ J2 ^ 



= tpaX'{R) 



for it! > i?o- From ipx'{R) i'aX'iR), we have '4>\{R) diR '^\>{R) which is 
equivalent to (fx{R) diR <Px'{R)- □ 



6 Examples 

In this section we evaluate Vg^{r) concretely for some A G (ImH)Q. We fix 
a bijection a : Z>o Z and identify Z with Z>o throughout this section. 
Now we fix A e (ImH)o. Assume that \Xa{n)\ is nondecreasing with respect 
to n e Z>o and there exists a continuous nondecreasing function A^ : M>o 
M>o which satisfies |Aa(„)| = \R{n). Then a function 0Xu{R) '■= /o°° r+x^(x) 
is strictly increasing and satisfies ipxm{R) —R '^x{R)- In this case we have 
Vg^(r) ~^ ^^^-Tak^I^^) where ta^ is defined by fx^{R) := R(pxm{R)- Now we 
compute the volume growth of gx in the following two cases. 

1. Fix a > 1 and put Xm.{x) — x", Aa(„) = X^{n)i. Then ipx^ is given 

by 



MR) = / 1^—; = ^" ' 







where we put y — Since Jq°° is a constant, we have (fxt^{R) —r R", 

which gives fx^{R) —r R'''^^ and T^^ir^) —r r«Ti . Hence the volume growth 
is given by 

A 2 

Vg^ (r) ~r ■ 
Thus we obtain the following result. 
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Theorem 6.1. There exists a complete A-dimensional hyperkdhler manifold 
{Xx, g\) for each 3 < a < 4 whose volume growth is given by 

2. Fix a > and put Xu.{x) — e"^^, Ao(„) = \^{n)i. Then (px^ is given by 

r Rdx 

By putting y = e"^, we have 



R + e"=^ 



Rdy 



1 ay{y + R) 

= -log(i? + l). 

a 

Hence we have ipx^iR) = ^ log{R + 1) and fx^{R) = ^Rlog{R + 1). 

Proposition 6.2. Let X e (ImH[)Q be as above. Then the volume growth of 
gx satisfies Vg^{r) c^r 

Proof. It is enough to see the behavior of at r ^ +cxo. Put 

R = f^^ir"^). Then we have = ^i?log(i? + 1) and logr = |(logi? + 
loglog(i? + 1) — logo;). Thus we have 

^.^ rVA«(^')log^ ^ ^.^ a i^(log R + log log(i? + 1) - log a) 

r-++oo H R-^+oo 2 R\0g{R+l) 

a 
2' 

□ 

Thus we have the following theorem. 

Theorem 6.3. There exists a complete A:- dimensional hyperkdhler manifold 
{Xx,gx) whose volume growth satisfies 

lira ^^^ = 0, lim ^^^^ = +oo 

r->-+oo r r->-+oo 

for any a < 4. 
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7 Taub-NUT deformations 



We consider the volume growth of the Taub-NUT deformations of {Xx, gx) 
in this section. 

First of all, we define the Taub-NUT deformations of hyperkahler manifolds 
with tri-Hamiltonian S'^-actions. Let {X,uj) be a hyperkahler manifold of 
dimension 4 with tri-Hamiltonian S'^-action, and ^ : X — )> ImH be the hy- 
perkahler moment map. An action of M on EI is defined hj x x + y/s for 
X e H and t e M by fixing a constant s > 0. This action preserves the stan- 
dard hyperkahler structure on H and the hyperkahler moment map is given 
by ^/s ^ • Im : H — > ImH. Then we obtain the hyperkahler quotient with 
respect to the action of M on X x H, that is, the quotient (^'^''))^^(^)/]R 
where ^ is an element of ImH and /x'^*^ : X x H — ?> ImH is defined by 
IJ,^^\x,y) := |J,{x)+2^/s Im{y). The hyperkahler structure on (/x*^*))~^(^)/M 
is independent of C- 

For each ( e ImH we have an imbedding tg^^ : X — >■ (//^*^)~^(C) defined by 

ls,ci^) '■— (•*'• ^(~/^(^) + 0) which induces a diffeomorphism '■ X — >■ 
Then we have another hyperkahler structure on X indepen- 
dent of ( by the pull-back, which is called Taub-NUT deformation of u 
denoted by u}^'^\ If we denote by g the hyperkahler metric of {X, co), then we 
denote by g^^^ the hyperkahler metric of (X, a;^*)). 

There is the pair of a harmonic function and an jS'^-connection A) corre- 
sponding to the hyperkahler structure u by Theorem 2.9. Then the corre- 
sponding pair to cu^'^^ is given by ($ + j, A). 

The 5'^-action on X also preserves cu^''' and fi : X ^ ImH is also the hy- 
perkahler moment map with respect to uj^^\ 

Lemma 7.1. Let {X,g) be as above and takepo,p G X. We suppose that po 
is a fixed point by the -action. Then we have the inequality 

dgis){po,pf > dg{po,pf + -\n{p) - /^(po)^- 

Proof. We apply the same argument as Proposition 3.1. Then the assertion 
follows from 

= infK(poe^p)^ + l^iniPo) - M) + ^A') 
= in| (dg{po,pf + -|/x(po) - + -) 

= dg{po,py + ^i/i(po) - 
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where is the Euchdean metric on H and g x gjfi is the direct product 
metric. □ 

Lemma 7.2. Let {X, g) be as above and B C ImH be a measurable set. Then 
we have 

IT S 

yo\g,s){n-\B)) = yo\g{ii-\B)) + —m,^^{B), 
where tuium is the Lebesgue measure of ImH. 

Proof. It follows directly from Lemma 2.10 and that o'*^*-' corresponds to 
+ □ 

For s, C > and A e (ImH)^, put 

e^^^aiR) ■■= CR'^xiR) + ^R': ri%{R) := CR^,{R) + '-R'. 
Proposition 7.3. For A e (Im]HI)Q and s > 0, we have 



limsup — - — < — -1=. 

Proof. Prom Lemma 7.1 and 7.2, we have 



for r > 0. Then it suffices to show 

limsup < — j=. 

Put R = {r^xl_)~\r'^)- Then we have 

= Q-R<fx{R) + ^R^ > ^R"- 
Therefore Lemma 5.8 gives 



^^^o(t1^J-V) 8{P^R'v,{R) + ^R') 

hm sup < hm sup — 



r^+oo T R-^+oc ^/s R^ O^J S 



□ 
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Next we consider the lower bound for V (3){r). We apply the same way 
as Section 4. Put Z^'^ : ImH R as 



on \(\ > 1, and lx\C) '■= on |^| < 1. Then the inequality d^{s){po,p) < 
-^A ^ + ^\ \l^>^ip)) holds where po E X is taken as in Sections 3 and 4, and we 
put 4'^ := suppg^-i(5^)d^(.)(po,p)- 

Lemma 7.4. Le^ C+ > &e as m Proposotion Then we have 



7ee52 ^ V 4 



Proof. The assertion follows from 

"-R I T . r , rR 



^x{t^) + ^dt^dms'i < J {^j^ ^dt^dms'i 

+ / lx{RQ)dms2 



< 4.. 



□ 



Put Ui^}r := {6 e ^^jL^ + li'\Re) < + J^}. 



'R,T 

Lemma 7.5. There is a constant Rq > such that 

(,) 47r{VT-V2C^) 
m52(C/)j/r) > ^ 

for any R> Rq and T > 2C+. 

Proof. We consider the same argument as in Lemma 4.3. First of all we 
remark that there exists sufficiently large it!o > such that 
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for any R> Rq. Then we have 



Je&s2\ui'l 



sR^ 



+(47r - ms.{U^^},)){^T,,T{R) + ^), 



4 

where the constant Q- > is as in Proposition 3.1. Then an inequahty 
Tx,Q_{R) + ^ > gives 

/ {L^^^ + l'^^\RQ))dms2 > 47r 

^6652 

+(An-ms.{ul^}r))^r,,T{R). 
Thus we have the conclusion. □ 
Lemma 7.6. For each R > and T > 0, jiT^iB js) ) is a subset of 

Proof. It is shown by the same argument as Lemma 4.4. □ 
Proposition 7.7. For each A e (ImH[)o and s > we have 

hm mr > 



Proof. For each sufficiently small s > there exists > such that 

^52(41) > Ml -£) 

from Lemma 7.5. Since "^^j^^ converges to 0, there exists R^ > Q such that 
T^(px{R) < £^R for any R > R,. Then it holds 



< ^,«(po,(^+yf)i?) (8) 
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for R> R^. On the other hand, we have the following inequality 

vol^w {f^-^\BR,u)) > C^ms2{U)R' ■ cpx{R) + """^'^^K r' (9) 
for U C ImH from Proposition 4.1. Thus we obtain 



> -{l-s)sR 
from (8) and (9). Hence substituting r — {e + ■\/^)R gives 

lim mf — - — = lim mf — ;= > 1=— 

r3 (e + y^)^R^ 3 (£ + 

for any sufficiently small £ > 0. Therefore the conclusion follows by taking 
the limit for £ — > 0. □ 

From Proposition 7.3 and 7.7, we obtain the followings. 

Theorem 7.8. Let A G (ImEI)g and s > 0. Then the volume growth of 
hyperkdhler metric g^^^ is given by 

hm = . 
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